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Using strong lensing data, Milgrom’s modified Newtonian dynamics (MOND) and its covariant TeVeS
(tensor-vector-scalar theory) are examined here as an alternative to the conventional CDM paradigm.
We examine 10 double-image, gravitational lensing systems in which the lens masses have been estimated
by stellar population synthesis models. While mild deviations exist, we find no strong case of outliers to
the TeVeS theory.
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I. INTRODUCTION
The concordantCDM paradigm [see e.g.,[1]] has been
accepted as a successful framework to understand the
evolution of the Universe. However, in this standard model
there are two unexplained dark sectors, dubbed dark matter
and dark energy, which still need a more fundamental
understanding. One of the various explanations of these
is the approach of modified gravity, including Bekenstein’s
TeVeS (tensor-vector-scalar theory)[2]. Unlike most theo-
ries of modified gravity that are proposed for explaining
dark energy, TeVeS was originally proposed to explain
dark matter instead. Indeed, TeVeS was built up by
Bekenstein as a viable relativistic version of Milgrom’s
modified Newtonian dynamics (MOND) [3].
In MOND, the demand for the exotic dark matter is
replaced by the modification of Newton’s second law:
~ðjaj=a0Þa ¼ rN; (1)
with a0  1:2 1010 m s2. The function ~ðxÞ, some-
times called the interpolation function, possesses the fea-
tures that ~ðxÞ  x for x 1 (the deep MOND regime),
and ~ðxÞ ! 1 when x! 1 (the Newtonian regime). Here,
x ¼ jaj=a0, the ratio of the acceleration to a0, is a measure
of modified gravity. In contrast with the CDM paradigm,
MOND and TeVeS, along with many other recent theories
that recover MOND in its limit (such as the bimetric theory
of [4] and the dark fluid theory of [5]), are called the
MONDian paradigm. The ideology of this paradigm is to
demolish the requirement of dark matter through modify-
ing theories of gravity.
Observationally, the MONDian paradigm is not only
able to explain the cosmic microwave background
(CMB) successfully with low-mass neutrinos [6,7], but is
also even more successful than theCDM paradigm on the
dynamics of spiral galaxies [8,9]. The bullet cluster shows
a strong evidence of dark matter by a weak lensing analysis
[10]. However, this system might also be understood in the
framework of TeVeS by the help from low-mass neutrinos.
On cluster scales, low-mass neutrinos can aggregate and
their mass could easily exceed the mass of the baryons.
Angus et al. [11] found 2 eV ordinary neutrinos could
create enough weak lensing in MOND in the bullet cluster
to be consistent with the observed offset of the peaks of the
lensing signal and x-ray signal, as the mass distribution of
the dissipationless neutrino does not follow the distribution
of the collisional gas. More recently, Angus [12] and
Angus et al. [13] examined MONDian models with one
low-mass sterile neutrino of 11 eV to be the hot dark
matter, and nearly zero-mass for ordinary neutrinos, and
also found consistency with cluster data and CMB; in fact
such a low-mass neutrino model is also consistent with the
data on the galaxy cluster substructure lensing [14], and
especially with the very constraining straight arc of Abell
2390 [15]. What is common of all these proposals for
neutrinos is that these low-mass neutrinos never cluster
enough on galaxy scales because of their low phase space
density [15], which scales with the neutrino mass to the
power four, as first noted by Tremaine and Gunn [16]. The
nonclustering of low-mass neutrinos on galaxy scales is the
most robust distinction of MOND vs cold dark matter in
galaxies. In this regard, it seems very important to check
the conclusion of Ferreras et al. [17] that cold dark matter
is still needed in elliptical galaxies for strong lensing,
especially, when earlier works of Zhao et al. [18] and
Shan et al. [19] found much weaker evidence for cold
dark matter from strong lensing.
The earliest works on gravitational lensing in MOND
were studied by Qin et al. [20] and Mortlock and Turner
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[21]. Although their work was performed even before the
appearance of a viable, general covariant MOND, and their
calculations on the angle of deflection were artificially
forced into the deep MOND regime when the acceleration
was less than a0, i.e., ~ðxÞ ¼ x for x  1 (not x 1), Qin
et al. [20] and Mortlock and Turner [21] could produce a
good guess on how to calculate lensing in MOND. After
the advent of TeVeS, the first calculation on light bending
in TeVeS was done by Bekenstein himself, followed up by
Chiu et al. [22]. Based on a point mass model, Chiu et al.
[22] applied the formalism of gravitational lensing in
TeVeS to the theoretical discussion on angle of deflection
and magnification, as well as time delay.
On the other hand, taking a more phenomenological
approach, Zhao et al. [18] showed that TeVeS is consistent
with a sample of double-image lenses in the CASTLES
catalog by modeling lenses with the Hernquist model. Feix
et al. [23] studied the effects of asymmetric systems on
gravitational lensing. Shan et al. [19] then applied non-
spherical models to investigate strong lensing in TeVeS and
found 10 out of 15 systems to be consistent with it. All of
the other 5 systems are found to reside in or close to
clusters of galaxy, where external fields could have signifi-
cant influence. Furthermore, the effect of large filaments on
gravitational lensing was studied by Feix et al. [24]. They
argued that filamentary structures might have complex but
significant contributions to the system such as the bullet
cluster, so the need for dark matter in the bullet cluster
might be spared again in MOND. However, all of the above
work is in a nonrelativistic approximation of TeVeS. In a
conference paper, Chiu et al. [25] also showed that the lens
data from CASTLES and SLACS catalogs are consistent
with TeVeS, but they did not provide the details.
The first effort to calculate gravitational lensing from
first principles was given by Mavromatos et al. [26]. Along
with other works in this series [17,27], it has been shown
that TeVeS might still need dark matter to explain the
lensing systems from CASTLES, and there is a lack of
consistent results between dynamical and gravitational
lensing analysis.
Because of the importance of studying gravitational
lensing in TeVeS, and the inconsistency of the results in
this field, in this paper we use the relativistic approach
developed by Bekenstein [2] and Chiu et al. [22] and,
applying the Hernquist mass distribution as the lens model
(used for TeVeS firstly by Zhao et al. [18]), study the 10
double-image systems from a total of 18 objects studied in
Ferreras et al. [28].
The structure of the paper is organized as below. In
Sec. II, we briefly outline the basic assumptions and for-
malism of gravitational lensing in TeVeS. We also discuss
how gravitational lensing in TeVeS depends on different
choices of ~ðjaj=a0Þ and its application to double-image
systems. We then give our result in Sec. III and subsequent
discussion in Sec. IV.
II. FORMALISM OF GRAVITATIONAL
LENSING IN TEVES
A. Basic assumpsions
The analysis in this paper uses the following assump-
tions: (1.) Elliptical galaxies contain very little gas, so their
baryonic budget is only through the total stellar mass.
When taking neutrino mass into consideration, there is
also very little mass in the form of ordinary neutrinos
(about 108 solar mass maximum). Thus, the lensing power
of ellipticals in MOND is essentially determined by the
stellar mass. (2.) Since there is little cold dark matter in
MOND, we should use a MONDian cosmology to calcu-
late angular distance in lensing analysis. For this purpose,
we use a viable MONDian cosmology proposed by Skordis
et al. [7], dubbed HDM. In this cosmological model,
2 eV neutrinos are included and the background evolution
of the Universe can be fitted well by fh;b;;g ¼
f0:7; 0:05; 0:17; 0:78g, which is independent of the choice
of the interpolation function ~ðxÞ (see Eq. (1)). (3.) Finally,
we also assume a simple spherically symmetric mass dis-
tribution. Because of assumptions (1.) and (3.), we adopt
the Hernquist model as the lens model.
B. Lensing in TeVeS
As suggested by its name, TeVeS is a gravity theory
dynamically incorporating scalar, vector, and tensor fields.
TeVeS is also a bimetric covariance theory where the
Einstein metric g is related to the physical metric ~g
by a nonconformal transformation,
~g  ¼ e2ðg þ UUÞ  e2UU; (2)
with a normalization condition on the vector field,
gUU ¼ 1: (3)
Although gravitational fields, including the scalar field 
and vector field U, are governed explicitly by the Einstein
metric, the dynamical behavior of matter is explicitly
controlled by the physical metric. In other words all kinds
of matter, be it photon, proton, or neutrino, are minimally
coupled to the physical metric rather than the Einstein
metric. While considering strong lensing in TeVeS, we
take the assumption that, in the weak field limit, the
physical metric of a static, spherically symmetric system
can be expressed in the isotropic form (c ¼ 1):
~gdx
dx ¼ ð1þ 2Þdt2 þ ð1 2Þ
 ½d%2 þ %2ðd2 þ sin2d’2Þ; (4)
where ð%Þ ¼ N þ and   e2cð1þ K=2Þ1
with c as the asymptotic boundary value of , and
K < 103 from the constraint of the parametrized post-
Newtonian parameters [2]. It has been shown that the
cosmological value of the scalar field, c, is tightly linked
to the vector field coupling constant K, preventing c
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evolving as predicted by the equation of motion of scalar
field [29]. This and other possible dynamic problems in the
original TeVeS can be solved by a more generalized ver-
sion: TeVeS with Æther-type vector action, where four
vector coupling constants rather than just one are involved
[29–31]. However, we do not consider this generalized
TeVeS here because, in practical, the impact of either K
or other additional vector coupling constants on lensing
system is less than 1%, which is much smaller than the
available precision in this paper. That is, our analysis is
insensitive to the difference between the original and gen-
eralized TeVeS.
Since, in TeVeS, all species of matter are coupled to the
physical metric rather than to Einstein’s metric, the con-
nection in the geodesic equation,
d2x
dp2
þ 
dx
dp
dx
dp
¼ 0; (5)
has to be constructed from the physical metric. Here, p is
some proper affine parameter. In the case of light deflection
by a static, spherically symmetric lens, we can apply
Eq. (4) to the geodesic equation, Eq. (5).
Consider a photon which propagates on a null geodesic,
and moves in the equatorial plane, i.e.,  ¼ =2. The
geodesic equation or equations of motion can be written as
ð1þ 2Þ _t ¼ E; (6)
ð1 2Þ%2 _’ ¼ L; (7)
ð1 2Þ _%2 þ ð1þ 2Þ%2L2  ð1 2ÞE2 ¼ 0; (8)
where the overdot denotes the derivative with respect to p.
Recall the fact that at the closest approach _% ¼ 0, % ¼ %0,
we can express the ratio of the angular momentum L to
energy E as
b2  L
2
E2
¼ %
2
0ð1 20Þ
ð1þ 20Þ ; (9)
where0  ð%0Þ. Here, b is called the impact parameter.
Combining Eqs. (7)–(9) gives the orbit of the photon,
 ð1 4Þ þ ð1 40Þ

%0
%

2

1
%2

d%
d’

2 þ 1

¼ 0;
(10)
for which the solution in quadrature is
’ ¼
Z % %
%0

2½1 4ð0Þ  1
1=2 d%
%
: (11)
If we take the Taylor expansion of Eq. (11) to the first order
in , we get the angle spanned by the orbit of the photon
	’ ’
Z %
%0
2%0d%
%ð%2  %20Þ1=2
þ %0
Z %
%0
4%ð0Þ
ð%2  %20Þ3=2
d%: (12)
The first term is the orbit without gravity, i.e., a straight line
(’!  as %! 1). The second term is the angle of the
deviation due to the gravity. Hence, to first order in , the
deflection angle is
’  	’  ¼ %0
Z %
%0
4%ð0Þ
ð%2  %20Þ3=2
d%
¼ %0
Z %
%0
4jrj
ð%2  %20Þ1=2
d% 4%0ð%2  %20Þ1=2
; (13)
where we have made use of integration by parts. Since
for very large %,  behaves as ln% (as can be seen from
Eq. (1)), it is legitimate to ignore the second term of
Eq. (13) for strong lensing systems [22]. We then have
the kernel equation of strong gravitational lensing in
TeVeS (up to first order in r),
’ ¼ 4%0
Z 1
%0
jrj
ð%2  %20Þ1=2
d%: (14)
Recall that %0 is the distance of the closest approach, and
r is the MONDian gravity.
C. Gravity in TeVeS
In last subsection we showed that, under the assumption
of the validity of Eq. (4), the difference between the angle
of deflection in general relativity (GR) and that in TeVeS
only arises from r. In this subsection, we are going to
discuss the relationship between Newtonian gravity, rN,
and MONDian gravity, r, and its application to strong
lensing.
It has been shown that in the quasistatic limit the
MONDian potential in TeVeS can be expressed as a com-
bination of the Newtonian potential and a scalar field [2],
 ¼ N þ; (15)
where  is a parameter in TeVeS that is approximately 1
and  is a scalar field. Moreover, the scalar field itself is
linked to the Newtonian potential via a free function [2],
r ¼ ðk=4ÞrN; (16)
where is a function of jrj. This free function should
be chosen carefully in order to reproduce Newtonian and
MONDian behavior in the approximation to quasistatic
limits. In fact, Eqs.. (15), (16), and (1) give the relation
between  and ~ of the modified Poisson equation or
Milgrom’s law Eq. (1)
1
~
¼ þ k
4
: (17)
TeVeS has only two parameters (k and ) and one free
function (). Therefore, the MONDian behavior con-
trolled by ~ in Milgrom’s law Eq. (1) could be achieved
via choosing suitable parameters and free function in
TeVeS. On the other hand, we are able to express the
modified gravity r (even in TeVeS) as a function of
Newtonian gravity rN via ~. In the following, we dis-
cuss the three commonly used interpolation functions, ~.
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In Bekenstein’s TeVeS paper [2], he proposed the fol-
lowing interpolation function
~ðxÞ ¼ 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4xp
1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi1þ 4xp ; (18)
where x  jaj=a0. With Bekenstein’s form, we can write
the MONDian gravity as a function of Newtonian gravity,
 a ¼ r ¼ rNð1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a0=jrNj
q
Þ; (19)
by combining Eqs. (15)–(18). Although Bekenstein’s form
yields a simple relation between r, and rN , it fails to
fit the rotation curves of spiral galaxies [9,32]. Thus, in
order to apply the MONDian lens equations to observatio-
nal data, we must also study the simple form and the
standard form, which fit the rotation curves better. Again,
by putting the simple form [32],
~ðxÞ ¼ x
1þ x ; (20)
into Eqs. (15)–(17), we obtain
 a ¼ r ¼ rN
2
ð1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4a0=jrNj
q
Þ: (21)
Similarly, the standard form [3],
~ðxÞ ¼ xffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2
p ; (22)
leads to ðrÞ2=a0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðr=a0Þ2
p rN , which tells us
that for each rN , there are two corresponding values of
r. This bivalue problem simply reflects the finding of
Zhao and Famaey [33] that the standard form is problem-
atic for TeVeS because it leads to ðr=a0Þ becoming a
nonunique function of ~ðr=a0Þ. Nevertheless, we still
include the standard form as a point of reference and do the
comparisons with the other two ~ functions by treating it
as an empirical function. Moreover, since one of the two
solutions contains only imaginary numbers, we can always
choose the other one as physical solution obtaining, in the
standard form,
 a ¼ r ¼ rNffiffiffi
2
p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4ða0=jrNjÞ2
qr
: (23)
All of these three forms can be included in the following
two-parameter form:
~ðxÞ ¼

1 2
ð1þ 
xÞ þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 
xÞ2 þ 4xp

1=
:
(24)
Here, ð;
Þ ¼ ð1; 0Þ, (1, 1), (2, 1) and ð1; 1Þ correspond to
the Bekenstein form, simple form, standard form and the
naive sharp-break form ~ ¼ minð1; xÞ, respectively. Recall
that we have set c ¼ 1. We note that Zhao and Famaey[33]
have proposed a similar expression in which they com-
bined the Bekenstein form and simple form. We may call
Eq. (24) the invertible canonical interpolation function
which goes from the naive sharp-break to the smooth
Bekenstein form. The corresponding  can be found by
Eq. (17). Figure 1 shows some examples of the invertible
canonical interpolation function. The nicest feature of our
invertible canonical interpolation function is that it has a
very simple counterpart in the recent quasi-MOND theory
or its relativistic version, bimetric MOND [4,34]. Inverting
Eq. (1) with ~ given by Eq. (24) gives
 a ¼ r ¼ rN; (25)
where
ðxNÞ 

1 

2
þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xN þ



2

2
s 
1=
; (26)
and xN  jrNj=a0. This analytical result can greatly
simplify the calculations in MOND.
Note that some earlier [20,21] and recent [17] physics
literature formulated Milgrom’s law as
r ¼ ~1=2ðxNÞrN: (27)
However, this formulation is valid only for the sharp-
break function ~ ¼ minð1;r=a0Þ, for which r ¼
maxðrN;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a0rN
p Þ. In this particular situation,
FIG. 1. The strength of the MONDian gravity in different forms of ~ðxÞ.
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~1ðr=a0Þ ¼ a0=r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a0rN
p
¼ ~1=2ðrN=a0Þ; (28)
which does not hold for general choices of ~ðxÞ.
In Fig. 2, we compare the MONDian gravity, jrj, of
the three different forms. We also plot the results of the
standard form and simple form of the formalism adopted in
Ferreras et al. [17], that is Eq. (27). For the same form and
mass, the MONDian gravity is always stronger than that of
Ferreras et al. [17].
D. Cosmology in TeVeS
In TeVeS, the scalar and vector fields are assumed to
partake of the symmetry of the spacetime. Therefore, it is
still legitimate to apply the Friedmann-Robertson-Walker
metric in the Einstein frame to the t-t component of the
modified Einstein equations to produce the modified
Friedmann equation delineated by g:
_a2
a2
¼ 8G
3
me
2 þ 8G
3
 þ3 
K
a2
; (29)
where  is scalar field energy density, and m is matter
density, including the baryonic density, b, and the density
of 2 eV neutrinos, . Here, the overdot denotes d=dt and
a is the scale factor. Since the vector field is considered to
be parallel with the cosmological time, according to Eq. (2)
the physical Friedmann-Robertson-Walker metric is re-
lated to its counterpart in the Einstein frame by simply
replacing
d~t ¼ edt; ~a ¼ ea; (30)
so the Hubble rates in two frames are related by
_~a
~a
¼ e

_a
a
 _

: (31)
Skordis et al. [7] have shown that in order to avoid a
significant effect of the integrated Sachs Wolfe term on
the CMB power spectrum,  must be extremely small
compared with the matter density with  evolving slowly
with time. According to Eq. (31), therefore, the Hubble
rates in physical and Einstein’s frames are nearly identical.
Furthermore, although we do not know exactly how 
evolves over time, we can neglect this term because its
exact value would be overwhelmed by the uncertainty of
m and  for a non-cold dark matter (CDM) universe
[7,35,36]. Since in TeVeS, the  function is determined
by the scalar field, , the negligibility of  also means
that the Hubble expansion is independent of the choice
of . Moreover, because massive neutrinos stopped free-
streaming and became nonrelativistic around z 100 [37],
which is much earlier than the lensing systems we study
here, the density of 2 eV neutrinos should scale with a3.
Remembering that baryonic matter density also scales with
a3, and that there is strong evidence to support the
Universe being flat (K ¼ 0) [38,39], we can then express
the Hubble rate as
~H 2 ’ H2 ’ H20½ð þmÞð1þ zÞ3 þ: (32)
Accordingly, the angular distance at any redshift can be
calculated by
DA ’ ð1þ zÞ
1
H0
Z z
0
dz½ð þmÞð1þ zÞ3 þ1=2;
(33)
which is used for estimating the distance of lenses. In
Fig. 3, we compare the angular distance of the HDM
cosmology and that of the standard CDM cosmology.
E. Double-Image systems
In realistic strong lensing systems, most lenses are early
type giant elliptical galaxies with very little gas, whose
luminosity follows the de Vaucouleurs’ law [40], for which
the Hernquist model,
MðrÞ ¼ M0r2=ðrþ rhÞ2; (34)
is known to provide a good fit [41]. Here, M0 is the total
mass, and rh is the Hernquist scale radius, which has
a simple relation with the effective radius of surface
brightness, rh ¼ 0:551re. According to this model, the
Newtonian gravity is given by jrNj ¼ GM0=ð%þ rhÞ2.
Since MOND is supposed to have little dark matter, we
follow the tradition and adopt the Hernquist model for our
lenses (all of which are giant ellipticals).
FIG. 2. The invertible canonical interpolation function for
various values of ð;
Þ. Here, x  r=a0. ð;
Þ ¼ ð1; 0Þ,
(1, 1) and (2, 1) correspond, respectively, to Bekenstein’s form
(dashed line in the left panel), the simple form (solid lines in
the both panels), and the standard form (dotted line in the right
panel); ð;
Þ ¼ ð10; 1Þ (dashed line in the right panel) shows
a profile that is quite near to the naive sharp-break form
~ ¼ minð1; xÞ. The left panel also shows that a negative value
of 
 would fail to lead to the Newtonian limit (that is, ~! 1
as x	 1).
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As shown in Sec. II C, the recovered solution r of
Eq. (1) depends on the choice of ~. In general, we can say
jrj ¼ gðrNÞ, which can be given specifically by
Eqs. (19), (21), and (23), or Eq. (25); and in the case of
Einstein’s gravity, we simply have gðrNÞ ¼ rN . Then
the deflection angle produced by a spherical lens (Eq. (14))
can be written as
’ ¼ 4GM0
%0
f; (35)
where
f 
Z 1
%0
gðrNÞ%20
GM0ð%2  %20Þ1=2
d%: (36)
Although the angle of deflection, ’, is mainly governed
by the mass enclosed within %0,Mðr < %0Þ, we are able to
infer the total mass of the lens (M0) from the Hernquist
model if the effective radius of the lens is observed.
In practice, since what we can measure in the sky is not
deflection angles but positions of the projected images, it is
useful to define  ¼ %0=DL and E ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4GM0DLS=DLDS
p
,
whereDL,DS, andDLS are distances from observer to lens,
observer to source, and lens to source, respectively. Here,
E is called the Einstein radius; DL, DS, and DLS are
calculated from Eq. (33). For a spherical strong lens, two
images are located on both sides of the lens (þ and ).
The corresponding lens equations are [cf., [22]]
 ¼ þ DLSDS ’ðþÞ ¼ þ 
2E
þ
fþ; (37)
 ¼ DLS
DS
’ðÞ   ¼ 
2
E

f  ; (38)
where  is the source position, and f
 can be obtained
from Eq. (36) with given %0
 (or equivalently, 
). These
two lens equations can be combined into
2E ¼
þðþ þ Þ
ðþf þ fþÞ : (39)
Therefore, with the observed positions of the two images,
þ, , and the values ofDL,DS,DLS, we are able to infer
the total mass of the lens, M0, by computing E. We solve
Eq. (39) for the total lens mass by iterative method.
With M0, in hand, we can then use the Hernquist mass
distribution to calculate the lens mass within some particu-
lar radius. For example, given a truncated radius rlens in
[28], we are able to derive the lensing aperture mass
enclosed within this truncated radius by Maperture ¼
M0r
2
lens=ðrlens þ rhÞ2, and compare it with the initial mass
functions (IMFs) aperture mass listed in [28]. Another
example is to estimate the gravity contributed by the
mass enclosed within the radius of the closest approach,
%0þ or %0, that is,Mð%0
Þ ¼ M0%20
=ð%0
 þ rhÞ2. Since
the main contributor to the angle of deflection is the mass
enclosed within the radius of the closest approach, we
might define the characteristic radius of the lens in
MOND as
r0þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GM0%
2
0þ
a0ð%0þþrhÞ2
s
; r0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GM0%
2
0
a0ð%0þrhÞ2
s
: (40)
There are two characteristic radii because in general
%0þ  %0, so the light rays of the two images might
penetrate different regimes. According to this definition,
the geometric average of the Newtonian gravity at two radii
of the closest approach can be written down concisely in
terms of 0þ  r0þ=DL, 0  r0=DL, and 
:
hrNi=a0 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffirNþrNp =a0 ¼ 0þ0þ ; (41)
which could approximately tell us in which regime the
double-image lensing systems are located. Roughly speak-
ing, if hrNi  a0, then the system belongs to the deep
MOND regime; on the other hand, if hrNi 	 a0, then it
is within the Newtonian regime.
III. DATA AND RESULTS
We apply our formalism to 10 double-image lenses from
the CASTLES catalog [42], for which not only the images
of the lenses are resolved (from which the effective radius
of the lens can be found by fitting the light profile [42]), but
also the stellar masses are estimated by stellar population
synthesis models with different IMFs [28]. We pick only
these 10 systems out of the CASTLES catalog because we
want to compare our lensing masses with stellar masses
from [28], and our assumption of a spherically symmetric
lens model is only valid for double-image lensing systems.
FIG. 3. Angular distances in HDM (b ¼ 0:05,  ¼ 0:17,
 ¼ 0:78, h ¼ 0:7, solid line) and the standard cosmology
(m ¼ 0:3,  ¼ 0:7, h ¼ 0:7, dashed line). Two horizontal
bars show the distribution of redshifts of 10 lenses and sources
we study in this paper (zs and zl are source and lens redshift
ranges).
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Table I shows the details of these 10 systems. In
column 2, we cite the effective radius from [42], and in
columns 3 and 4 we list the separation between two de-
flected images and their shared lens from the CASTLES
catalog [43]. We also cite in column 5 the truncated radii
from [28] for calculating aperture mass. For a consistent
analysis, lensing in TeVeS should be studied in the
MONDian cosmology. We adopt a viable MONDian cos-
mology HDM as our background cosmology, where the
Hubble parameter is described by fm;;; hg ¼
f0:05; 0:17; 0:78; 0:7g through Eq. (7). The distances of
the lenses and background galaxies, and distances between
them in HDM are calculated by Eq. (34) and listed in
columns 8–10. In order to compare our analysis with
previous works such as [17], we also analyze the systems
in the standard cosmology (m ¼ 0:3,  ¼ 0:7,
h ¼ 0:7). The angular distances required for lensing analy-
sis in the standard cosmology are shown in columns 11–13.
It also appears that, for the same redshift, the distance in
HDM is always a little bit larger than that in the standard
cosmology (see Fig. 3).
We have analyzed the masses of 10 lenses embedded in
the HDM cosmology for three particular forms of ~ðxÞ.
Column 2 shows all lenses are well into theMOND regime.
In columns 3–5 of Table II, we list the aperture mass and
total mass (in parentheses) of the lenses. The definitions
of total mass and aperture mass are given in Sec. II E.
According to our analysis, the lensing mass estimated
from Bekenstein’s form is the smallest, followed by the
mass from the simple form, and then from the standard
form. In column 6, we also list the lensing mass calculated
by Einstein’s gravity theory based on the same cosmologi-
cal background. The comparison ofML estimated from GR
and TeVeS supports the idea that the mass discrepancy
between the Newtonian and the MONDian paradigm is
quite significant ( 12% for the standard form, 25% for
the simple form, and 40% Bekenstein’s form). The error
in the effective radius is the main cause of the uncertainty
of the estimates of lensing mass here, which is about 10%.
Besides which, the precision of the image positions also
introduces another much smaller error of around 1%.
Moreover, the approximation of a spherical lens could
introduce systematic errors that are harder to quantify.
However, we are aware of 7 out of 10 double-imaged
systems are consistent with systems rounder than 0.7 in
the axis ratio of the isophotes of the light distribution [19].
For the other three, we cannot find the information of axis
ratios in literature, but this does not mean they must be
nonspherical. Furthermore, all the lens galaxies are always
very close to the line connecting the two images, implying
no strong need to invoke nonspherical lenses. If any of
these systems happens to be nonspherical, a comparison
between nonspherical [19] and Hernquist lens in [18]
can indicate a range of uncertainty of lensing mass between
0–30%.
Ferreras et al. [28] estimated the aperture stellar mass by
two IMFs: Chabrier [44] and Salpeter [45], and the results
are listed in columns 7 and 8 of Table II, respectively. For
comparison, we use the total lens mass and Hernquist
model to compute the mass enclosed within the truncated
radius given in Ferreras et al. [28]. We cite the truncated
radii in column 5 of Table I. Our estimates of lensing mass
are listed in columns 3 to 6 of Table II. When comparing
with the stellar mass (MSalp) from Salpeter’s IMF, we find
that, except forQ0142 100 and BRI0952 0115 (where
lensing gives smaller mass), all masses derived from
Bekenstein’s form are within the uncertainty of MSalp.
For the simple form, there are 7 systems where masses
of lenses overlap with Salpeter’s stellar mass; for the
standard form, there are 5. On the other hand, when com-
pared with stellar mass (MChab) inferred from Chabrier
IMF, Bekenstein’s form and the simple form both have
6 systems that yield compatible lensing mass, and the
standard form has 5.
TABLE I. Double-image lensing systems in the CASTLES catalog. The effective radii, positions, and redshifts of images are cited
from [42,43]; the truncated radii are cited from [28]. The angular distances are calculated in the standard CDM cosmology as well as
in HDM cosmology. We refer the readers to the original paper of [42] for the uncertainty of the effective radius.
HDM CDM
e þ  lens zs zl DS DL DLS DS DL DLS
Lens ð00Þ ð00Þ ð00Þ ð00Þ ðc=H0Þ ðc=H0Þ ðc=H0Þ ðc=H0Þ ðc=H0Þ ðc=H0Þ
Q0142 100 0.51 1.86 0.38 0.93 2.72 0.49 0.415 0.298 0.367 0.381 0.290 0.265
HS0818þ 1227 0.89 2.22 0.62 1.97 3.12 0.39 0.401 0.259 0.391 0.366 0.254 0.281
FBQ0951þ 2635 0.17 0.89 0.23 0.5 1.24 0.20 0.425 0.159 0.376 0.401 0.157 0.316
BRI0952 0115 0.10 0.64 0.36 0.5 4.50 0.38 0.351 0.255 0.374 0.318 0.250 0.255
Q1017 207 0.30 0.66 0.19 0.3 2.55 0.86 0.421 0.387 0.279 0.387 0.370 0.193
HE1104 1805 0.63 1.09 2.11 2.34 2.32 0.73 0.428 0.363 0.298 0.394 0.349 0.212
LBQ1009 025 0.18 1.22 0.32 0.53 2.74 0.78 0.415 0.373 0.303 0.347 0.325 0.192
B1030þ 071 0.45 1.44 0.19 0.81 1.54 0.60 0.436 0.332 0.266 0.408 0.321 0.205
SBS1520þ 530 0.35 1.21 0.39 1.04 1.86 0.72 0.437 0.361 0.266 0.406 0.347 0.197
HE2149 274 0.50 1.35 0.34 0.71 2.03 0.50 0.434 0.302 0.342 0.402 0.293 0.257
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Table II (column 2) also shows the ratio (hrNi=a0) of
the geometric mean of the Newtonian gravity at the closest
approaches to Milgrom’s constant, a0. The ratio indicates
what regimes the lensing systems belong to. As shown in
the last paragraph of Sec. II E, this ratio depends on the
mass enclosed within the radii of the closest approach, so it
varies with the choice of ~. However, since the choice of ~
only influences the total masses in our 10 systems up to
50%, different choices of ~ will not affect our conclusion
about to which regime are these systems belong to. Here,
we choose the masses inferred from GR (that is, ~ ¼ 1) to
calculate hrNi=a0 in the second column of Table II.
According to the values of this criterion, all 10 systems
are in the intermediate MOND regime (that is, hrNi
neither	 a0 nor a0). We should remind that our indi-
cator, hrNi=a0, is slightly different from the conven-
tional r=a0 because in a double-image system, two
different light rays could likely penetrate through two
different regimes. Take FBQ0951þ 2635 for example,
where we have the highest value of hrNi=a0, although
one light ray definitely passes through the Newtonian
regime, the other penetrates a regime with rN=a0  3,
in whichr is 5% higher thanrN for the standard form,
24% for the simple form, and 54% for Bekenstein’s form.
This is consistent with the finding that the choice of ~ has a
significant influence on the inferred lensing masses.
Figure 4 shows the mass ratio of TeVeS to GR for the
10 lensing systems. For comparison of mass differences
between the three forms, all ratios are plotted against
hrNi=a0. We find that the ratio increases slightly with
hrNi=a0. This does make sense because a smaller
hrNi=a0 means that the system is closer to the MOND
regime, and a larger mass discrepancy is expected. Figure 4
also shows the comparison between our results of lensing
mass and stellar mass given by Ferreras et al. [28].
Table III lists our estimates of lensing mass for the
standard CDM cosmology (m ¼ 0:3,  ¼ 0:7,
h ¼ 0:7). It appears that in TeVeS, the difference of lensing
mass between the standard CDM cosmology and HDM
cosmology is less than 2%. This result also indicates
that our results will essentially hold also for the single-
sterile neutrino cosmology with b;; Omega; h ¼
0:05; 0:24; 0:7; 0:7 in [15].For comparison, we also list
the lensing mass estimated by Ferreras et al. [27] in the
columns 5 & 7 of Table III. Although our total lensing
masses are compatible with their total lensing mass under
the formalism of GR, we have systematically smaller
values than theirs in the case of TeVeS. This is consistent
with our expectation because as shown in Fig. 2, for an
identical choice of the form of ~, the formalism of Eq. (1)
always leads to stronger gravity, so less mass, than that
of Eq. (27).
TABLE II. Lensing mass estimates for three particular forms of ~ðxÞ in HDM cosmology. The aperture mass and total mass (in
parentheses) of the lens in unit of 1010M are listed in columns 3–5. Because of the uncertainty of effective radii, the uncertainty of
masses are as much as 10%. For comparison, the last two columns list the stellar mass M estimated from two IMF models in [28].
MLðTeVeSÞ=1010M ML (GR) M [28]
Lens hrN i
a0
Bekenstein Simple Standard Chabrier Salpeter
Q0142 100 6.9 11.3 (19.19) 14.2 (24.16) 16.6 (28.29) 19.1 (32.45) 20:930:813:0 18:332:213:2
HS0818þ 1227 6.8 18.8 (29.38) 24.0 (37.45) 28.6 (44.65) 32.7 (51.05) 16:221:212:6 20:828:113:4
FBQ0951þ 2635 11.2 1.56 (2.19) 1.93 (2.71) 2.16 (3.02) 2.36 (3.30) 1:12:10:5 1:53:00:8
BRI0952 0115 6.6 2.09 (2.58) 2.70 (3.33) 3.28 (4.04) 3.74 (4.61) 3:54:02:7 4:45:23:5
Q1017 207 6.8 2.63 (6.33) 3.36 (8.09) 4.02 (9.67) 4.60 (11.06) 4:313:01:4 6:419:02:3
HE1104 1805 6.6 48.1 (63.47) 62.1 (81.90) 75.3 (99.37) 85.9 (113.41) 22:851:212:7 36:663:723:1
LBQ1009 025 6.7 8.02 (11.23) 10.1 (14.15) 11.8 (16.53) 13.5 (18.92) 5:57:94:2 7:49:85:0
B1030þ 071 9.4 10.5 (17.88) 12.9 (22.27) 14.7 (25.06) 16.5 (28.09) 10:615:36:5 14:521:38:3
SBS1520þ 530 7.6 12.6 (17.64) 16.0 (22.41) 18.8 (26.38) 21.2 (29.67) 18:530:911:2 21:834:111:9
HE2149 274 7.1 7.34 (14.17) 9.31 (17.98) 11.0 (21.30) 12.5 (24.24) 4:66:73:6 6:98:95:0
FIG. 4. Mass ratio of MONDian to GR lensing mass. We also
include the ratio of the stellar mass estimated from stellar
histories with Chabrier’s (left panel) and Salpeter’s (right panel)
IMFs to the GR lensing mass (MGR). All lensing masses are
calculated based on a Hernquist model. The typical uncertainty
of the lensing mass is shown at the left-bottom corner. It appears
that there is a huge mass discrepancy between conventional
gravity and TeVeS.
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Figure 5 compares the mass difference between the
lensing mass and the stellar mass. Although there is a
significant scattering in the data due to the large uncer-
tainty of stellar masses, the average over the 10 systems
shows no obvious requirement of dark matter for
Bekenstein’s and the simple form while compared with
stellar mass estimated from Chabrier’s IMF. On the other
hand, the lensing masses inferred from the simple form and
the standard form are almost identical to the stellar masses
estimated from Saltpeter’s IMF. We also plot the same
comparison for the MONDian lensing mass in Ferreras
et al. [17] and for the lensing mass estimated in the
standard cosmology by Ferreras et al. [28]. It turns out
that the average mass difference (4M=M) for the
MONDian lensing masses in Ferreras et al. [17] (dashed
line in Fig. 5) is even higher than its counterpart for the GR
lensing masses in Ferreras et al. [28] (dashed-triple dotted
line in Fig. 5), not to mention our estimates of MONDian
mass. This might be because that Ferreras et al. (2008) [17]
have wrongly compared the total the MONDian lensing
mass with the aperture stellar mass.
IV. DISCUSSION
In our analysis, the simple form of ~ðxÞ (i.e.,  ¼ 1,

 ¼ 1 in the canonical form (24)) yields, on average, a
lensing mass compatible with the stellar mass estimated
from population synthesis models with Salpeter’s and
Chabrier’s IMF. The mass differences between the lensing
mass and stellar mass are around 10%, which is compatible
FIG. 5. Contribution of dark matter to the mass budget from a comparison between MONDian lensing mass and stellar mass given by
[28]. We also include MOND-like lensing mass in [17] and GR lensing mass [28]. M is the lensing mass from different models. The
averages of the mass differences are plotted for Bekenstein’s form (solid line), the simple form (dotted line), the standard form (dotted-
dashed line), GR (long dashed line), MONDian lensing in FSY08 (dashed line), and GR lensing mass in FSW05 (dashed-triple dotted
line). It appears that [27] has compared MONDian total lensing mass with aperture stellar mass, so leads to the higher requirement for
dark matter budget. The typical uncertainty of stellar mass is shown at the right corner of the left panel.
TABLE III. Lensing mass estimates for three particular forms of ~ðxÞ in the standard CDM
cosmology. The total mass of the lens in unit 1010M is listed in columns 2–4. The uncertainty of
masses can be up to 10% because of the uncertainty of effective radius. For comparison, the
MONDian and GR lensing masses in [17] are also cited.
MLðTeVeSÞ=1010M MLðGRÞ=1010M
Lens Bekenstein Simple Standard FSY08a FSY08
Q0142 100 19.39 24.32 28.34 29.28 32.29 32.37
HS0818þ 1227 29.59 37.64 44.68 46.31 50.80 50.99
FBQ0951þ 2635 2.20 2.72 3.04 3.82 3.30 4.07
BRI0952 0115 2.59 3.35 4.05 6.62 4.60 7.33
Q1017 207 6.41 8.17 9.69 9.04 10.95 9.93
HE1104 1805 64.53 82.99 99.76 103.17 112.67 112.93
LBQ1009 025 11.65 14.65 17.02 19.28
B1030þ 071 18.09 22.27 25.22 28.00
SBS1520þ 530 17.92 22.68 26.51 29.57
HE2149 274 14.33 18.14 21.36 24.14
aFerreras et al. (2008).
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to the uncertainty in the lensing mass. The simple form also
yields an average of 25% mass discrepancy between the
inferred lensing mass of TeVeS and GR. This is close to the
30% value estimated by Sanders [46]. On the other hand,
Bekenstein’s form gives an average of 41%, and provides a
better fit to lower-mass IMFs (MChab). This is consistent
with the conclusion of Romanowsky et al. [47], where a
preference of Bekenstein’s form is drawn from star for-
mation histories based on lower-mass IMFs.
Our analysis also shows that when we use MChab as the
mass of lens, the standard form has a problem in producing
enough angle of deflection in strong lensing. This coin-
cides with the conclusion of studies on the dynamics of
spiral galaxies [9,32,33]. It is quite reasonable because
both gravitational lensing and the dynamics of spiral gal-
axies comes from the change of gravity (see Possion
Eq. (1)).
Because of the significant uncertainty in stellar mass
given by [28], it is premature to claim which choice of
the interpolation function ~ðxÞ in the MONDian paradigm
is favored by elliptical galaxy lensing observations.
However, our study shows that, like spiral galaxies, ellip-
tical galaxies can be used to distinguish different forms of
~ðxÞ as well. We believe that with an independently pre-
cise measurement of mass of elliptical galaxies, strong
gravitational lensing can offer us a window to study the
form of ~ðxÞ. We will explicitly write down a formalism
for this application in the future.
We should point out that our analysis is based heavily on
the assumption that the lenses in these systems are spheri-
cal and quasistatic in order to use Eq. (4) to derive the
lensing equation. However, the assumption of spherical
distribution is not always sufficient for most known lenses.
Moreover, the choice of mass model for the lens may also
affect the inference of the total mass of the lens. Thus, it is
worthwhile to study how the deviation from this assump-
tion would affect our conclusion here. We note that while a
spherical Hernquist model is a reasonable assumption for
most lenses here, it is always a poor assumption for mod-
eling rotation curves of spiral galaxies which often have
exponential disk profiles, and the gravity is enhanced in the
disk plane. In this regard, the recent claim of inconsistency
of lensing and galaxy rotation curve in MOND [27] has yet
to be corrected for these systematic effects. For systems in
a cluster environment, which are not yet in full dynamical
equilibrium, it might be important to include nontrivial
effects of the vector field [48,49].
In Ferreras et al. [17], they concluded that MOND
might have problems in explaining galactic lensing sys-
tems, i.e. dark matter is still needed. Our analysis differs
from their conclusion. Perhaps the reason is that they
have not only applied the formalism of Eq. (27) in their
calculation, but have also drawn their conclusion by
comparing total lensing mass with aperture stellar
mass. Indeed, the first reason might also explain why
Mavromatos et al. [26] have found a considerable dis-
crepancy between MOND and TeVeS (they unconven-
tionally refer to MOND as solving for lensing mass by
Eq. (27) and refer to TeVeS as solving the full relativistic
equations from first principles). Mavromatos et al. [26]
have discussed lensing mass in TeVeS for three specific
forms of ~ that are corresponding to ð;
Þ ¼ ð1;1Þ,
(1, 0) and (1, 1) for the canonical interpolation function,
Eq. (24). We do not discuss the case of ð;
Þ ¼ ð1;1Þ
(or  ¼ 1 in [26]) because it fails to lead to the
Newtonian limit (see Fig. 1). The other two choices
of the interpolation function in [26] are identical to
Bekenstein’s and the simple form in this paper, respec-
tively. Thus, it is not surprising that their estimates of
lensing mass are compatible with ours because the geo-
desic equations, Eqs. (6)–(8), in our calculations are also
derived from first principles with a simple assumption of
spherical symmetry. However, Mavromatos et al. [26]
have drawn a conclusion completely opposite to ours.
We attribute this contradictory result to sample bias.
Somehow, 5 out of the 6 lensing systems they chose
have M> 0, but when we consider all 10 available
lensing systems, the bias is gone (compare Fig. 5 of this
paper to Fig. 2 of [26]). Moreover, we stress that uncer-
tainty should play a role in discussion. While consider-
ing the significant uncertainty of stellar mass and the
potential error of estimates of lensing mass, while mild
deviations exist, we found no strong cases of outliers to
the TeVeS model.
We conclude that our procedure to estimate lensing mass
is consistent with the method of Mavromatos et al. [26],
where modified Einstein equations are fully solved, but our
studies on the 10 systems do not show any apparent need
for ad hoc dark matter in elliptical galaxies. This, of
course, does not mean GR fails to explain the observation
if certain dark matter model is assumed. Moreover, statis-
tically TeVeS seems to fit these systems reasonably well
with a simple, spherically symmetric lens model. This
differs from the conclusion of Ferreras et al. [17], but sides
with Zhao et al. [18] and Shan et al. [19], where a constant
mass-to-light ratio is assumed. However, due to the sig-
nificant uncertainty of stellar masses given by [28], our
conclusion is meaningful only at the statistical, but not the
individual level. A more accurate and independent estima-
tion of the mass of the lenses is still required in order to
compare the lensing masses obtained here for a higher
precision. One potential possibility is to estimate the
mass of elliptical galaxies from velocities of dispersion
and then compare them with lensing mass under a consis-
tent framework [25].
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